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Abstract
Existence and approximation of solutions for an impulsive delay differential equation with periodic boundary value conditions
are presented. We use comparison principles and monotone iterative techniques.
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1. Introduction
Impulsive differential equations are now recognized as an excellent source of models to simulate processes and
phenomena observed in control theory, physics, chemistry, population dynamics, biotechnology, industrial robotic,
optimal control, etc [13,1,30,2,29,33,15]. In recent years, impulsive differential equations have become a very active
area of research and we refer the reader to the monographs [1,5,13] and the articles [3,4,7,9,16–18,20,23–25,31], where
properties of their solutions are studied and extensive bibliographies are given. In consequence, it is very important to
develop a complete basic theory of impulsive differential equations. This was initiated in [23].
In this paper, we study the periodic boundary value problem with impulses (PBVP)
u′(t) = g(t, u(t), u((t))), t ∈ J = [0, T ], t = tk ,
u(tk) = Ik(u(tk)), k = 1, . . . , p,
u(0) = u(T ), (1.1)
where 0 = t0 < t1 < t2 < · · ·< tp < tp+1 = T , J0 = J\{t1, . . . , tp}, g : J × R2 → R continuous, and  : J → R
continuous verifying 0(t) t , t ∈ J ,u(tk)=u(t+k )−u(tk). Denote by PC(X, Y ), where X ⊂ R, Y ⊂ R, the set of
all functions u : X → Y which are piecewise continuous in X with points of discontinuity of the ﬁrst kind at the points
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tk ∈ X, i.e., there exist the limits lim{u(t) : t → tk, t > tk} = u(t+k )<∞ and lim{u(t) : t → tk, t < tk} = u(t−k ) =
u(tk)<∞. We denote by PC1(X, Y ) the set of all functions u ∈ PC(X, Y ), that are continuously differentiate for
t ∈ X, t = tk . Let = PC([0, T ], R) ∩ PC1([0, T ], R).
Deﬁnition 1. We say that the function ,  ∈  are lower and upper solution of the PBVP (1.1) if there exist M,N0
and 0Lk < 1 such that
′(t)g(t, (t), ((t))) − a(t), t ∈ J0,




0 if (0)(T ),
Mt + N(t) + 1
T
((0) − (T )) if (0)> (T ), (1.2)
ak =
{
0 if (0)(T ),
tk
T
((0) − (T )) if (0)> (T ), (1.3)
and
′(t)g(t, (t), ((t))) + b(t), t ∈ J0,




0 if (0)(T ),
Mt + N(t) + 1
T
((T ) − (0)) if (0)< (T ), (1.4)
bk =
{
0 if (0)(T ),
tk
T
((T ) − (0)) if (0)< (T ). (1.5)
The deﬁnition of classical lower and upper solutions makes reference to the case (0)(T ) and (0)(T ).
It is known that the method of upper and lower solutions coupled with the monotone iterative technique is an
important method in studying PBVP for functional differential, see [5,12,22,26,27,6,34,19]. We also note it is used in
[7–11,14,16,17,20,21,28,32] to approximate periodic solutions of impulsive equations.
In the present paper, we study the existence of extremal solutions for PB VP (1.1) by using this method. This paper
is organized as follows. In Section 2, some lemmas are given, which are important for proving our main result. The
main results are contained in Sections 3 and 4.
2. Preliminaries
In this section, we prove some comparison results. To this end, we need the following lemma.
Lemma 1 (Bainov and Simeonov [1]). Let s ∈ [0, T ), ck0, k , k= 1, . . . , p are constants and let p, q ∈ PC(J, R),
x ∈ PC1(J, R). If
{
x′(t)p(t)x(t) + q(t), t ∈ [s, T ), t = tk,
x(t+k )ckx(tk) + k, tk ∈ [s, T ),
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We will establish two new comparison results, which plays an important role in monotone iterative technique.
Lemma 2. Let function u ∈ , M > 0, N0, 0Lk < 1 such that
(A1) u′(t) + Mu(t) + Nu((t))0, t ∈ J0,







(1 − Lk)eM(t−(t)) dt∏pk=1(1 − Lk).
Then u0 on J .
Proof. Let v(t) = eMtu(t), t ∈ [0, T ]. Then by (A1),
v′(t) = MeMtu(t) + eMtu′(t) − NeMtu((t)), t ∈ J0,
or
v′(t) − NeM(t−(t))v((t)), t ∈ J0, (2.1)
and
v(t+k ) = eMtku(t+k )(1 − Lk)v(tk), k = 1, . . . , p. (2.2)
It is sufﬁcient to show v(t)0 on J . If this no true, then there exists t∗ ∈ J such that v(t∗)> 0. Since v(0)= u(0)0,
then t∗ ∈ (0, T ]. Let t¯ ∈ [0, t∗) such that v(t¯)= inf t∈[0,t∗) v(t)= −0 (0). We assume that t¯ = t+i , if t¯ = t+i for
some i ∈ {1, . . . , p}, the proof is similar. From (2.1) we have
v′(t)NeM(t−(t)), t ∈ [0, t∗]. (2.3)


















(1 − Lk)eM(s−(s)) ds.














which contradicts v(t∗)> 0. Hence v(t)0 on J , which completes the proof. 
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Lemma 3. Let u ∈ , M > 0, N0, 0Lk < 1 such that
(B1) if u(0)u(T ), then
u′(t) + Mu(t) + Nu((t))0, t ∈ J0,
u(tk) − Lku(tk), k = 1, . . . , p.
(B1)′ if u(0)>u(T ), then
u′(t) + Mu(t) + Nu((t)) + Mt + N(t) + 1
T
[u(0) − u(T )]0, t ∈ J0,
u(tk) − Lku(tk) − Lk × tk
T









Then u0 on J .
Proof. In the case of (B1), if u0, then u′(t)0 on J0 and u(t+k )(1 − Lk)u(tk)u(tk), k = 1, . . . , p. So u is a
nonincreasing function. It follows that we have
u(0)u(T ).
Since u(0)u(T ), hence u(0) = u(T ) = const, so that u′ ≡ 0, Lk ≡ 0 and also u ≡ 0.
If there exists t∗ ∈ J such that u(t∗)< 0. The proof demonstrates that u(0)0 so that we can apply Lemma 2 and
afﬁrm that u0. If u(0)> 0 then u(T )> 0. Let v(t) = eMtu(t), we obtain that v(0)> 0, v(T )> 0 and v(t∗)< 0. Set
inf t∈[0,T ] v(t)=v(t¯)=−(> 0), then there exists ti < t¯ ti+1 for some i such that v(t¯)=− or v(t+i )=−. Assume
that v(t¯) = − (if v(t+i ) = −, the proof is similar). It follows that
v′(t) − NeM(t−(t))v((t))NeM(t−(t)), t ∈ J0,
and
v(t+k )(1 − Lk)v(tk).


















(1 − Lk)eM(s−(s)) ds.













which contradicts v(T )> 0, and so u(0)0, and the conclusion follows.
For the case (B1)′, we consider the function m(t)= u(t)+ t/T [u(0)− u(T )]. It follows that m(0)=m(T ), and for
t ∈ J0
m′(t) + Mm(t) + Nm((t)) = u′(t) + Mu(t) + Nu((t)) + Mt + N(t) + 1
T
[u(0) − u(T )]0
and for t = tk
m(tk) = u(tk) − Lku(tk) − Lk × tk/T [u(0) − u(T )] = −Lkm(tk),
by the case (B1), we have m(t)0 on J , and so u(t)0 on J . The proof is complete. 
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3. Existence for linear problem
In this section, we consider the linear problem of (1.1)
u′(t) + Mu(t) + Nu((t)) = (t), t ∈ [0, T ], t = tk ,
u(tk) = −Lku(tk) + k, k = 1, . . . , p, u(0) = u(T ), (3.1)
where (t) ∈ PC(J, R), k ∈ R, k = 1, . . . , p, M > 0, N0, 0Lk < 1. For ,  ∈ , set [, ] = {u :
(t)u(t)(t), t ∈ J }.
Theorem 1. Suppose that there exist ,  ∈  such that
(C1)  on J .
(C2)
′(t) + M(t) + N((t))(t) − a(t), (tk) − Lk(tk) + k − ak;
′(t) + M(t) + N((t))(t) − b(t), (tk) − Lk(tk) + k + bk ,









Then there exists a unique solution u for problem (3.1). Moreover u ∈ [, ].
Proof. We prove the Theorem in four steps.
Step 1. We prove the uniqueness of solution to this problem. If u1, u2 are solutions of (3.1), set v1 = u1 − u2 and
v2 = u2 − u1, then
v1(0) = v1(T ), v′1(t) + Mv1(t) + Nv1((t)) = 0, t ∈ J0,
v1(tk) = −Lkv1(tk), k = 1, . . . , p,
and
v2(0) = v2(T ), v′2(t) + Mv2(t) + Nv2((t)) = 0, t ∈ J0,
v2(tk) = −Lkv2(tk), k = 1, . . . , p.
By Lemma 3, we have that v1 = u1 − u20 and v2 = u2 − u10 and so u1 = u2.
Step 2. We prove that if 	 is a classical lower solution and  is a classical upper solution for (3.1) with 	, and
(C3) is satisﬁed, then (3.1) has a solution u ∈ [	, ].
Let u(·; a) denotes the unique solution of the following problem:
u′(t) + Mu(t) + Nu((t)) = (t), t ∈ J0,
u(tk) = −Lku(tk) + k, u(0) = a. (3.2)
First we shall show that 	(0)u(T ;	(0)) and (0)u(T ; (0)).
Suppose that 	(0)>u(T ;	(0)), then the function v deﬁned by v(t) = 	(t) − u(t;	(0)) satisﬁes
v′(t) + Mv(t) + Nv((t))0, t ∈ J0,
v(tk) − Lkv(tk), k = 1, . . . , p,
v(0) = 	(0) − 	(0)<	(T ) − u(T ;	(0)) = v(T ).
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Thus Lemma 3 ensures that v(t)0 on J . This implies that v(T ) = 	(T ) − u(T ;	(0)) − 	(T )0 and there-
fore 	(0)	(T )u(T ;	(0)). This is a contradiction and so 	(0)u(T ;	(0)). The same arguments show that
(0)u(T ; (0)).
Next we shall prove that there exists c ∈ [	(0), (0)] such that u(0; c) = u(T ; c). If 	(0) = (0), we have that
	(0)u(T ;	(0)) = u(T ; (0))(0) = 	(0).
Thus u(T ;	(0)) = 	(0) and we may choose c = 	(0).
In consequence, we can assume that 	(0)< (0), and deﬁne the map F : [	(0), (0)] → R by F(a)= a −u(T ; a),
thus F is continuous. Then, since F(	(0))0F((0)), there must be one point c ∈ [	(0), (0)] such that F(c)= 0.
Denote u = u(·; c), then u is a solution of (3.1).
Step 3. We claim u ∈ [	, ]. Let m1(t)=	(t)− u(t; c) and m2(t)= u(t; c)− (t). We obtain that m1,m2 ∈ , and
m′1(t) + Mm1(t) + Nm1((t))0, t ∈ J0,
m(tk) − Lkm1(tk), k = 1, . . . , p, m1(0)0,
and
m′2(t) + Mm2(t) + Nm2((t))0, t ∈ J0,
m(tk) − Lkm2(tk), k = 1, . . . , p, m2(0)0,




(t) if (0)(T ),
(t) + t
T




(t) if (0)(T ),
(t) − t
T
[(T ) − (0)] if (0)< (T ). (3.4)
It is evident that  ¯ and ¯ on J . Also ¯(0) = (0) ¯(T ), and ¯(0) = (0) ¯(T ). We can check that ¯ and ¯
are classical lower and upper solutions, respectively, for problem (3.1) and that ¯ ¯ so that [¯, ¯] ⊆ [, ]. In fact, if
(0)(T ) then
¯′(t) + M ¯(t) + N ¯((t)) = ′(t) + M(t) + N((t))(t), t = tk ,
¯(tk) = (tk) − Lk(tk) + k = −Lk ¯(tk) + k, k = 1, . . . , p.
If (0)> (T ), then
¯′(t) + M ¯(t) + N ¯((t)) = ′(t) + M(t) + N((t)) + Mt + N(t) + 1
T
[(0) − (T )](t), t = tk ,
¯(tk) = (tk) − Lk(tk) + k − ak = −Lk ¯(tk) + k, k = 1, . . . , p.
Hence ¯ is a classical lower solution for (3.1). Similarly, we can show that ¯ is a classical upper solution for (3.1). Now,
consider the function m = ¯− ¯, it follows that:
m′(t) + Mm(t) + Nm((t)) = ¯′(t) + M ¯(t) + N ¯((t)) − ¯′(t) − M¯(t) − N ¯((t))
(t) − (t) = 0, t ∈ J0,
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and
m(tk) = ¯(tk) − ¯(tk)
 − Lk ¯(tk) + k − (−Lk¯(tk) + k) = −Lkm(tk).
Also, m(0) = ¯(0) − ¯(0) = (0) − (0)0. Using Lemma 2, we obtain that m0 on J , or equivalently, ¯ ¯ on J .
This proof is complete. 
4. Monotone iterative technique
In this section, we establish existence criteria for solutions of the PBVP (1.1) by the method of lower and upper
solutions and the monotone iterative technique.
Theorem 2. Suppose that the following conditions hold:
(H1)  and  are lower and upper solutions for (1.1) with .
(H2) g(t, x, y)−g(t, u, v)−M(x−u)−N(y−v) for every t ∈ J0,ux,((t))v((t))y((t))((t)).
(H3) Ik ∈ C(R,R) satisﬁes
Ik(x) − Ik(y) − Lk(x − y),






(1 − Lk)eM(t−(t)) dt∏pk=1(1 − Lk).
Then there exist monotone sequence {¯n(t)}, {¯n(t)} with ¯0 = ¯, ¯0 = ¯, where ¯, ¯ deﬁned by (3.3) and (3.4) such
that limn→∞ ¯n(t) = r(t) and limn→∞ ¯n(t) = 
(t) uniformly hold on J , where r(t), 
(t) are minimal and maximal
solutions of PBVP (1.1), respectively.
Proof. First we prove that ¯, ¯ are classical lower and upper solution of (1.1), respectively, and [¯, ¯] ⊆ [, ].
Clearly ¯(0) ¯(T ), ¯(0) ¯(T ) and  ¯,  ¯. Now we show ¯ ¯. To this end, take m = ¯ − ¯. Then m(0) =
(0) − (0)0. In the case (0)> (T ) and (0)< (T ), we have, according to (H2), that
m′(t) + Mm(t) + Nm((t)) = ′(t) + M(t) + N((t)) + Mt + N(t) + 1
T
[(0) − (T )]
− ′(t) − M(t) − N((t)) + Mt + N(t) + 1
T
[(T ) − (0)]
g(t, (t), ((t))) + M(t) + N((t))
− g(t, (t), ((t))) − M(t) − N((t))0, t ∈ J0.
By (H3) we have
m(tk) = ¯(tk) − ¯(tk)
=(tk) − (tk)
Ik((tk)) − Ik((tk)) − Lkak − Lkbk
 − Lkm(tk).
Thus in view of Lemma 2, m(t)0 on J and so ¯ ¯ on J .
Now we check that ¯, ¯ are classical lower and upper solution of (1.1), respectively. Indeed, if (0)> (T ), then for
t ∈ J0,
¯′(t) = ′(t) + 1
T
[(0) − (T )]g(t, (t), ((t))) − Mt + N(t)
T
[(0) − (T )].
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Since  ¯, according to (H2), we get that
g(t, ¯(t), ¯((t))) − g(t, (t), ((t))) − M(¯(t) − (t)) − N(¯((t)) − ((t))),
so
¯′(t)g(t, ¯(t), ¯((t))) + M(¯(t) − (t)) + N(¯((t)) − ((t)))
− Mt + N(t)
T
[(0) − (T )] = g(t, ¯(t), ¯((t))) + Mt
T
[(0) − (T )]
+ N(t)
T
[(0) − (T )] − Mt + N(t)
T
[(0) − (T )] = g(t, ¯(t), ¯((t))).
For t = tk , from (H3), we have
¯(tk) = (tk)Ik((tk)) − Lk × tk
T
[(0) − (T )]
Ik(¯(tk)) + Lk[¯(tk) − (tk)] − Lk × tk
T
[(0) − (T )] = Ik(¯(tk)),
and it is trivial when (0)(T ). Thus ¯ is a classical lower solution. Analogously, ¯ ∈ [, ] is a classical upper
solution.
For any  ∈ [¯, ¯] consider{
u′(t) + Mu(t) + Nu((t)) = M(t) + N((t)) + g(t, (t), ((t))),
u(tk) + Lku(tk) = Ik((tk)) + Lk(tk),
u(0) = u(T ).
(4.1)
ByTheorem 1, (4.1) has a unique solution u ∈ . Deﬁne operatorA by u=A. It follows thatA possesses the following
properties:
(i) ¯A¯, ¯A¯;
(ii) A1A2 for 1, 2 ∈ [¯, ¯] with 12.
First we prove (i). Let m = ¯− ¯1, where ¯1 = A¯. Then we have
m′(t) = ¯′(t) − ¯′1(t)g(t, ¯(t), ¯((t))) + M ¯1(t) + N ¯1((t)) − M ¯(t) − N ¯((t)) − g(t, ¯(t), ¯((t))
= − M(¯(t) − ¯(t)) + N(¯((t) − ¯((t))) − Mm(t) − Nm((t)), t ∈ J0,
m(tk) = ¯(tk) − ¯1(tk)Ik(¯(tk)) − Ik(¯(tk)) − Lk ¯(tk) + Lk ¯1(tk) − Lkm(tk), k = 1, . . . , p,
and
m(0) = ¯(0) − ¯1(0) ¯(T ) − ¯1(T ) = m(T ).
According to Lemma 3, we get that m(t)0 on J , i.e., ¯A¯. Analogously, we have ¯A¯.
Now we claim (ii). Setting v1 = A1, v2 = A2, where 1, 2 ∈ [¯, ¯] with 12. Let m = v1 − v2, by (H2), (H3)
and (4.1) we have
m′(t) = v′1(t) − v′2(t)
= − Mv1(t) − Nv1((t)) + g(t, 1(t), 1((t))) + M1(t) + N1((t))
− [−Mv2(t) − Nv2((t)) + g(t, 2(t), 2((t))) + M2(t) + N2((t))]
 − M(v1(t) − v2(t)) − N(v1((t)) − v2((t))) = −Mm(t) − Nm((t)), t ∈ J0,
m(tk) = v1(tk) − v2(tk)
= [−Lkv1(tk) + Ik(1(tk)) + Lk1(tk)] − [−Lkv2(tk) + Ik(2(tk)) + Lk2(tk)]
 − Lkm(tk), k = 1, . . . , p,
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and m(0) = m(T ), by Lemma 3 we have m(t)0 on J, and so v1v2. Thus we may deﬁne the sequences {¯n}, {¯n}
by ¯n+1 = A¯n, ¯n+1 = A¯n, ¯0 = ¯, ¯0 = ¯. Using (i) and (ii) it is immediate to verify that
¯0 = ¯ ¯1 · · ·  ¯n ¯n · · ·  ¯0 = ¯, ∀n ∈ N .
Hence we have
lim
n→∞ ¯n(t) = r(t) limn→∞ ¯n(t) = 
(t) uniformly on J .
Consider the following equations
¯′n+1(t) + M ¯n+1(t) + N ¯n+1((t)) = M ¯n(t) + N ¯n((t)) + g(t, ¯n(t), ¯n((t)), t ∈ J0,
¯n+1(tk) + Lk ¯n+1(tk) = Ik(¯n(tk)) + Lk ¯n(tk), k = 1, . . . , p, ¯n+1(0) = ¯n+1(T ),
passing to the limit when n tends to ∞, we obtain that r is solution of (1.1). Similarly, 
 is also solution of (1.1).
Finally, to prove that r is the minimal solution on [¯, ¯], let u be any solution of (1.1) on [¯, ¯]. It is obvious that
¯0u. Now if ¯nu, one can see that ¯n+1u by considering the function m = u − ¯n+1 and applying Lemma 3
again. Thus passing to the limit we may conclude that ru on J. The same arguments prove that u




u′(t) = g(t, u(t), u((t))) = −u2(t) − 2u( 12 t) + 12 et , t ∈ [0, 13 ], t = t1, u(t1) = − 27u(t1), t1 = 14 ,
u(0) = u( 13 ). (5.1)
It is easy to verify that = − 12 e is a lower solution and = 1120 is an upper solution, and
g(t, x, y) − g(t, u, v) = −(x2 − u2) − 2(y − v) − 1110 (x − u) − 2(y − v),






(1 − Lk)e(11/20)t dt = 2
∫ 1/4
0



















which shows the condition (H4) is satisﬁed. Hence, by Theorem 2, (5.1) has a solution in [, ] (Fig. 1).
Consider the function 1(t) = 926 (et − /100), t ∈ [0, 13 ]. 1(t) is an upper solution for (5.1). Indeed, 1(0) =
9








































(2t + 1)(e1/3 − 1),





















Fig. 2. Functional interval [,1].






(1 − Lk)e(1/2)t dt = 2
∫ 1/4
0

















By Theorem 2, we obtain the existence of monotone sequences that approximate the extremal solutions of (5.1) in a
functional interval contained in [, 1] (Fig. 2).
Acknowledgements
The authors wish to thank the referee for useful remarks and interesting comments.
J. Li, J. Shen / Journal of Computational and Applied Mathematics 193 (2006) 563–573 573
References
[1] D.D. Bainov, P.S. Simeonov, Impulsive Differential Equations: Periodic Solutions andApplications, Longman Scientiﬁc and Technical, Harlow,
1993.
[2] A. Cabaca, E. Liz, Boundary value problems for higher order ordinary differential equations with impulses, Nonlinear Anal. 32 (1998)
775–786.
[3] Y. Dong, Periodic boundary value problems for functional differential equations with impulses, J. Math. Anal. Appl. 210 (1997) 170–181.
[4] D. Franco, E. Liz, J.J. Nieto, Y.V. Rogovchenko, A contribution to the study of functional differential equations with impulses, Math. Nachr
218 (2000) 49–60.
[5] R. Hakl, I. Kihuradze, B. Pa˚uz˘a, Upper and lower solutions of boundary value problems for functional differential equations and theorems on
functional differential inequalities, Georgian Math. J. 7 (2000) 489–512.
[6] R. Hakl,A. Lomtatidze, B. Puza, On a boundary value problem for ﬁrst-order scalar functional differential equations, NonlinearAnal. 53 (2003)
391–405.
[7] Z. He, J. Yu, Periodic boundary value problem for ﬁrst-order impulsive functional differential equations, J. Comput. Appl. Math. 138 (2002)
205–217.
[8] Z. He, X. Ze, Monotone iterative technique for impulsive integro-differential equations with periodic boundary conditions, Comput. Math.
Appl. 48 (2004) 73–84.
[9] S.G. Hristova, D.D. Bainov, Monotone-iterative techniques of V. Lakshmikantham for a boundary value problem for systems of impulsive
differential-difference equations, J. Math. Anal. Appl. 197 (1996) 1–13.
[10] S.G. Hristova, L.F. Roberts, Monotone-iterative method ofV. Lakshmikantham for a periodic boundary value problem for a class of differential
equations with “Supremum”, Nonlinear Anal. 44 (2001) 601–612.
[11] D. Jiang, J.J. Nieto, W. Zuo, On monotone method for ﬁrst- and second-order periodic boundary value problems and periodic solutions of
functional differential equations, J. Math. Anal. Appl. 289 (2004) 691–699.
[12] G.S. Ladde, V. Lakshmikantham, A.S. Vatsala, Monotone Iterative Techniques for Nonlinear Differential Equations, Pitman, Boston, 1985.
[13] V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations, World Scientiﬁc, Singapore, 1989.
[14] W. Li, H. Huo, Existence and global attractivity of positive periodic solutions of functional differential equations with impulses, Nonlinear
Anal. 59 (2004) 857–877.
[15] W. Li, H. Huo, Global attractivity of positive periodic solutions for an impulsive delay periodic model of respiratory dynamics, J. Comput.
Appl. Math. 174 (2005) 227–238.
[16] J. Li, J. Shen, Periodic boundary value problems for impulsive differential-difference equations, Indian J. Pure Appl. Math. 35 (2004)
1265–1277.
[17] X. Liu, Periodic boundary value problems for impulsive systems containing Hammerstein type integrals, Dynamic Systems Appl. 6 (1997)
517–528.
[18] X. Liu, G. Ballinger, Continuous dependence on initial values for impulsive delay differential equations, Appl. Math. Lett. 17 (2004) 483–490.
[19] Y. Liu, W. Ge, Stability theorems and existence results for periodic solutions of nonlinear impulsive delay differential equations with variable
coefﬁcients, Nonlinear Anal. 57 (2004) 363–399.
[20] X. Liu, D. Guo, Initial value problem for ﬁrst order impulsive integro-differential equations in Banach spaces, Comm. Appl. Nonlinear Anal.
2 (1995) 65–83.
[21] E. Liz, J.J. Nieto, Boundary value problems for impulsive ﬁrst-order integro-differential equations of Fredholm type, Acta Math. Hungar 71
(1996) 155–170.
[22] E. Liz, J.J. Nieto, Periodic boundary value problems for a class of functional differential, J. Math. Anal. Appl. 200 (1996) 680–686.
[23] J.J. Nieto, Basic theory for nonresonance impulsive periodic problems of ﬁrst order, J. Math. Anal. Appl. 205 (1997) 423–433.
[24] J.J. Nieto, Periodic boundary value problems for ﬁrst-order impulsive ordinary differential equations, Nonlinear Anal. 51 (2002) 1223–1232.
[25] J.J. Nieto, Impulsive resonance periodic problems of ﬁrst order, Appl. Math. Lett. 15 (2002) 489–493.
[26] J.J. Nieto, R. Rodríguez-López, Existence and approximation of solutions for nonlinear functional differential equations with periodic boundary
value conditions, Comput. Math. Appl. 40 (2000) 433–442.
[27] J.J. Nieto, R. Rodríguez-López, Remarks on periodic boundary value problems for functional differential equations, J. Comput. Appl. Math.
158 (2003) 339–353.
[28] D. Qian, X. Li, Periodic solutions for ordinary differential equations with sublinear impulsive effects, J. Math. Anal. Appl. 303 (2005)
288–303.
[29] Y.V. Rogovchenko, Impulsive evolution systems: main results and new trends, Dynam. Contin. Discrete Impuls. Systems 3 (1997) 57–88.
[30] A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations, World Scientiﬁc, Singapore, 1995.
[31] J. Shen, New maximum principles for ﬁrst-order impulsive boundary value problems, Appl. Math. Lett. 16 (2003) 105–112.
[32] J. Yan, Oscillation of ﬁrst-order impulsive differential equations with advanced argument, Comput. Math. Appl. 42 (2001) 1353–1363.
[33] J. Yan, A. Zhao, J.J. Nieto, Existence and global attractivity of positive periodic solution of periodic single-species impulsive Lotka–Volterra
systems, Math. Comput. Model 40 (2004) 509–518.
[34] W. Zuo, D. Jiang, D. O’Regan, R.P. Agarwal, Optimal existence conditions for the periodic delay j-Laplace equation with upper and lower
solutions in the reverse order, Results Math. 44 (2003) 375–385.
